In this paper an investigation of flow noise in sonar applications is presented. Based on a careful identification of the dominant coupling effects, the acoustic noise at the sensor position resulting from the turbulent wall pressure fluctuations is modelled with a system of hydrodynamic, bending and acoustic waves. We describe for the first time an analytical solution of the problem which is based on a biorthogonal system which can be solved in the spectral domain without the usual simplifying assumptions. Finally, it is demonstrated that the analytical solution describes the flow noise generation and propagation mechanisms of the considered sea trials.
Introduction
Most vehicle mounted hydrophones used in passive sonar sensors are mounted inside stiff sonar windows in order to protect the sensors and to reduce the hydrodynamical drag/vibrations of the sensors. On the one hand, when the vessel is in motion, the structure is excited by turbulent flow, and on the other hand, the generated turbulence causes additional noise. Thus, the acoustic waves of these contributions propagate to the position of the hydrophone and disturb the incoming signal. The aim of the paper is an investigation of flow noise generation and transport mechanisms with respect to different materials and geometries. The knowledge of these mechanisms could be used to maximise the signal to noise ratio. The mathematical modelling and a combined numerical/analytical solution of passive sonar acoustics will be validated against experiments. To consider real life underwater scenarios, the experiments involve sea trials with a test towed body, which realises a typical broadband sonar environment. On the starboard side, the hull of the test towed body includes a linear elastic plate, which is in front of the measurement system. This system consists of a line array having equally spaced hydrophones inside a water-filled measurement box, which is designed to protect the sensors from background noise. Furthermore, the box is mounted in such a way that it is decoupled from the body frame. In this way noise from the environmental conditions could be minimised. The flow noise generation and transport mechanisms of the sonar configuration under consideration are investigated by a wavenumber-frequency analysis. To reduce the dynamic range of the signal a prewhitening filter was applied to the measurement data. The filter considered the sea state, the sensor electronics and the receiving sensitivity of the hydrophones. Since the position dependent receiving sensitivity of the hydrophones is not included, position or wavenumber dependent measurement results should only be interpreted qualitatively. Figure 1 and 2 show the unpublished results of a sea trial experiment which has been described in [1] . In contrast to the polyurethane/fibre-reinforced plastic sandwich plate of [1] , the experimental results of this work refer to a steel plate in front of the hydrophones. Power spectral density of the acoustic pressure, sea trial: wavenumber-frequency plot for towing speed u = 8kn and a hydrophone distance of 0.01m. The straight lines show the relations k = u −1 ω and k = c −1 ω, where k is the wavenumber, ω denotes the angular frequency and c is the speed of sound. The curved line represents the dispersion relation which is investigated in the following sections. The dominant noise at 17000 Hz is caused by the environmental conditions. The Figure is based on a time signal of 0.2s and is divided into segments with an overlap of 50%, which are weighted with a Flat-Top window.
In literature there are many investigations of sound radiated by boundary layer driven structures (see for an overview, e.g. [2, 3, 4] ). The coupling between the boundary layer pressure fluctuation of a finite rectangular plate and the acoustic pressure fluctuation in an acoustic indefinite domain was investigated by Strawderman [5] with a coupled eigenfunction expansion method. Because of the unknown inverse of the system matrix (cf. [5, p. 5-46 -5-47] ), this approach cannot be used for practical applications without simplifying assumptions on the fluid loading and the crosscoupled modal terms. Besides the above considered application, this problem is also a common task in aircraft cabin noise studies. For aircraft applications, Graham [6, 7, 8] proposed also a model for the acoustic response of a finite rectangular plate in an acoustic indefinite domain. These investigations were based on the empirical Efimtsov model [9] for the forcing pressure and derive the wavenumber-frequency spectrum Φ(ω, k) which is the Fourier transformation of the space correlation function of the wall pressure. However, in the averaging 2 process of the Efimtsov model and comparable approaches like Corcos or Chase (see [3, Chapter 3] for an overview), much of the relevant informations (e.g. phase relationships) are lost.
Since the above mentioned simplifications were also used by Graham, the approximation of the acoustic response was improved in [10, 11] by using a different set of eigenmodes. To overcome the simplifying assumptions, Mazzoni solves in [12, 13] the underlying partial differential system by a finite difference discretisation. In [2, Chapter 17 ] an asymptotic analysis is performed, which causes the author to comment that the above problem is not already well understood:
Our aim here is to show that fluid loading cannot be characterised once and for all as either " light" or " heavy" even at a fixed frequency, in a given configuration and for fixed values of the material constants for the fluid and the structure.
The novelty of this work is to present the first exact analytical solution for the coupled problem of boundary layer driven structures that automatically takes into account the entirely fluid loading. This can be achieved by the use of a biorthogonal base system (see for example [14] ) in spacetime which includes the pressure eigenfunctions and the complex Fourier polynomials. Hence, the system matrix is block diagonal and can be easily inverted. Notice that the biorthogonality property is only valid on the interval (−l/2, l/2), where l is a plate dimension. The investigations of the above references are based on the interval (0, l), which prevents the application of the biorthogonality argument. Therefore, the system matrix could not be inverted before.
Moreover, the present work needs the complex-valued forcing pressure as input and preserves all phase informations between the coupling of the hydrodynamic pressure, plate vibrations and acoustic waves. Choosing the wall pressure wavenumber-frequency spectrum from empirical methods like Corcos, Chase or Efimtsov as an input, this would be not possible.
The outline of the paper is as follows. In section 2 the modelling approach with the underlying 3 assumptions is described. The mentioned coupling effects are considered by a set of partial differential equations and boundary conditions. Then, the analytical solution of the problem is given with the help of a biorthogonal expansion method in section 3 and is expanded with a damping mechanism in section 4. Moreover, the sensitivity of the main solution parameters are demonstrated by examples. Finally, the general conclusions are discussed in section 5.
Modelling approach
It has been known for a long time in underwater acoustics that the volume based turbulent flow noise is negligible compared with the sound radiated by plate vibrations [15, (9-47 ), (9-53)]. Moreover, in order to describe the interaction of the flexible plate with the turbulent flow outside and the acoustic waves inside the measurement box, it is assumed that there is no feedback of the plate vibrations on the turbulent flow (single side coupling). Namely, the hydrodynamic pressure is added as a source term in the two side coupling of bending and acoustic waves. The validity of this hybrid approach is investigated by the evaluation of the acoustic pressure in the wavenumber-frequency domain. This way, it is checked if the source term interpretation of the hydrodynamic flow leads to valid transport mechanisms of the coupled waves.
In this approach, we have to start with a broadband hydrodynamical field in a computational domain over the sonar window. To meet this demand, the incompressible Navier-Stokes equations are solved by a Large Eddy Simulation (LES), where the larger scales are resolved and the effects on the smaller scales are considered by a subgrid-scale model. Moreover, the LES simulation requires turbulent inflow data, which is obtained by an auxiliary simulation with obstacles mounted at the wall (cf. [16, Section 5.2.2.]). The aim of the LES simulation is not necessarily a detailed resolution of the turbulent boundary layer, but a representation of the wall pressure fluctuation that captures the necessary broadband effects for the coupled vibro-acoustic waves (cf. Table 1 ). domain. To achieve a good amplitude representation of the data the Flat-Top window function is chosen.
Finally, the coupling of the plate vibrations with the acoustic field has to be solved. Here, it is assumed that the vibrations of a plate with thickness h and displacements w satisfy the following condition w h wavelength of the bending waves.
Then the displacement w takes place only in the perpendicular direction. Therefore, the acoustic interaction appears only in the same direction. Consequently, the tangential domain boundaries and the associated acoustic boundary conditions in the measurement box are of minor importance and could be considered as a sound hard wall on a rectangular wall. To represent the material properties of the measurement box, the wall on the back side is equipped with an impedance boundary condition.
Next, the mathematical problem and a connected numerical simulation of the coupled acoustic and bending wave problem are presented.
We start by introducing the modelling domain, which was already mentioned in a loose way in the introduction. Let the measurement box be a rectangular domain
with the side lengths l 1 , l 2 , l 3 . The plate with uniform thickness h is located at Γ = {x ∈ Ω : x 3 = 0} . Moreover, the hydrophones are mounted on the line H = {x ∈ Ω : x 2 = 0, x 3 = l} , where l < 0 is a given parameter. The time interval under consideration is [0, T ], T > 0.
As usual in linear, isotropic elasticity, the material parameters of the plate are described by the density ρ p , the Young modulus E and the Poisson ratio ν. Taking the assumption (1), the complexity of linearised elasticity can be reduced by an application of the bending wave equation
where ∆ denotes the Laplace operator. Furthermore, m = ρ p h is the mass per unit area of the plate,
is the bending stiffness and p + , p − are the pressures above and below the plate [3, p. 17] . Namely, p + corresponds to the hydrodynamic source pressure p hyd plus an outgoing acoustic pressure p out and p − to the acoustic pressure inside the measurement box, which consists of an ingoing wave p in and its reflection from the rear wall p refl . As usual, the ingoing and outgoing pressures are connected by
Moreover, p − satisfies the usual wave equation
which interacts additionally on [0, T ] × Γ by
Here, c and ρ w denotes the speed of sound and the density of water. It remains to specify the boundary conditions for the plate and the measurement box. The wall displacement satisfies the plate boundary conditions
and the pressure conditions for the side and rear walls
where z denotes the acoustic impedance.
Analytic solution of the acoustic/bending wave problem
In this section, the analytical solution of the two side coupled problem is demonstrated. Thanks to the rectangular domain, the displacement and the acoustic pressure can be written as a linear combination of product basis functions
To prepare the frequency/wavenumber analysis of the hydrophone signals, we assume that w n i , p n i , i = 0, . . . , d, n 0 = − f, are periodic functions and introduce the notations
where v, w : [0, T ] × Γ → R are also periodic functions. Now, the Fourier series representation can be written as follows
Then, using integration by parts, it is straightforward to verify for v : [0, T ] × Γ the identities 
Eigenfunctions of the acoustic and bending waves
Using the product basis, one can construct eigenfunctions which satisfy the correct boundary conditions, by one-dimensional arguments.
Substituting an approach of the form
in (9), the displacement w solves the homogeneous form of (2) if
is fulfilled. Moreover, we find the acoustic eigenfunctions by separation of variables. Namely, (5) is satisfied by (9) if
is claimed. The boundary conditions (8) are fulfilled if
is implemented. Therefore, we obtain
and with a short calculation based on a sum of an incident and a reflected wave, the impedance boundary condition is satisfied by
Solution of the coupled problem
Inserting the eigenfunctions into (9) and using (14) , the summation with respect to n 3 reduces to one term concerning
. Thus equation (9) becomes
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Notice that the coefficient α n from (17) is accounted by p − n . Now, in order to determine the coefficients w n and p − n , it remains to consider the two side coupling by (2) and (6) . To do so, we define
and write the two side coupling for every m ∈ Z 3 in the following manner:
Using (11), it follows
and furthermore by the biorthogonal identity
and (4) it follows that
Notice that the biorthogonal identity (21) is not valid if the inner-product is based on the interval (0, T ) × (0, l 1 ) × (0, l 2 ). Consequently, by using the biorthogonal identity (21) again, we have the representation
It should be noted, that the calculation of w m runs analogously.
Thus, applying the definition (18), a transfer function between the hydrodynamic and acoustic Fourier coefficients can be defined
where
Remark 1. Even though it has been shown that the plate vibrations caused by a turbulent boundary layer can depend strongly on the boundary conditions [17] , the presented approach is not restricted to plates that are simply supported on all edges. To be more precise, a mixture of simply supported and clamped boundary conditions expands the one dimensional eigenfunctions of w to a linear combination of sin, cos, sinh and cosh (cf. [18, Section 2]). Using the fact that w is completely eliminated in (23), it can be concluded that the Fourier coefficients of p − are independent of the plate boundary conditions.
To get the Fourier coefficients p − at x 2 = 0, we find from (10)
2 cannot be calculated from the hydrodynamic power spectral density. Equation (24) shows that the hydrodynamic phase information has to be considered.
As a special case the transfer function without backward waves (k 3 z + ωρ w = 0) is considered. Then it follows that
which leads for every k 2 = 2πn j l j to the dispersion relation
Notice that the black line from Figures 1, 5 and 6 represents the dispersion relation for k 2 = 0.
However, the transfer function is only useful for theoretical observations. The large differences between the analytical solution and the sea trial results indicates the great importance of damping phenomena in the modelling process. Therefore, the next section is devoted to damping effects. 
Acoustic and bending waves with damping
In this section, damping effects are added to the analytical solution of the coupled model problem (2), (5) and (6) . Inspired by the damped harmonic oscillator these effects are related to the undamped eigenfrequencies of the bending wave equation. Moreover, in the experimental configuration the plate is larger than the size of the acoustic window l 1 l 2 of the measurement box. A second layer of the plate (outside the acoustic window) with steel beams and damping material defines the size of the window in the x-and y-direction, respectively. Therefore, the damping mechanism of the bending waves depends on the orthogonal directions x, y and is larger in the y-direction. To reflect this situation we propose a generalised orthotropic damping model with damping coefficients η 1 and η 2 such that the best agreement with the experiment is ensured.
To do that, the usual harmonic oscillator at position x =x exp(−iωt) with a mass m and a constant k is considered −mω 2 x + kx = 0. Now, the damped harmonic oscillator reads as follows
where ω 0 = √ k/m is the eigenfrequency of the undamped oscillator and η is a normed damping parameter. Considering the time-domain, the damped harmonic oscillator could be realised by the substitution ∂ in (20). Therefore, the damped transfer function is given by
For the simplicity of notation, the arguments from the transfer function are omitted. Now, the orthotropic damping is introduced by replacing
In the following the Power spectral densities of the analytical solution with orthotropic damping are presented in Figures 6-8. Remark 3. The subsonic (ω/c < k ) and the supersonic " leaky" wave mode ( k < ω/c) are automatically considered within the complex wavenumber k 3 . In the first case, the wave field exponentially decays with the distance to the plate, and in the second case, the wave field radiates into the fluid (acoustic domain). Here, the angle θ between the radiated wave front and the plate is given by sin(θ) = k c/ω. The identity ω/c = k is shown by black lines in Figures 1, 5 and 6. 
Sensitivity of the solution parameters
The presence of an exact solution allows sensitivity studies of the parameters. In the following the effects of changing the damping parameters, the hydrophone distance and the plate thickness are considered. To demonstrate the orthotropic damping effects of the parameters η 1 = 0.05 and η 2 = 0.25, two isotropic cases η 1 = η 2 = 0.05 and η 1 = η 2 = 0.25 are shown in Figure 10 . These cases show that the wavenumber-frequency pattern of the sea trial could only be realised by an orthotropic damping. Moreover, Figure 11 shows the exponentially decay of the bending waves with the distance of the plate. Finally, changing the plate thickness is shown in Figure 12 . Here, the wavenumber-frequency pattern is drawn together to lower wavenumbers and it is found that thicker plates transmits more noise at large frequencies which should be interpreted in the light of the wall pressure frequency resolution (cf. Figure 3) . According to the definition of the plate parameters m and B, the same effect could be realised if Young's modulus will be raised.
Conclusions
In the present study, it is demonstrated that the problem of flow noise generation and propagation in hull-mounted sonar systems could be solved by an numerical/analytical solution approach. The underlying system of partial differential equations considers a hydrodynamical source term and the fluid structure interaction of bending and acoustic waves with respect to different isotropic materials and geometries. These set of equations can also be found in vibroacoustic applications of thin-walled passenger cabins of cars, trains, ships or aeroplanes. In this paper, the analytical solution of the equations under consideration has been derived for the first time without assumptions on the fluid loading. By changing the parameters and the source term of the analytical solution the results can be generalised to different rectangular geometries, material parameters, damping ratios, flow speeds. Moreover, if the listener only hears the incoming wave (e.g. shading of reflected waves through a hydrophone holder) then the results can be also applied for non-rectangular geometries. Finally, the numerical/analytical solutions are compared with the measurement result. The perfect agreement in the ω −4 -range of the frequency spectrum and the pattern in the wavenumber-frequency plots show that the accuracy of the modelling approach is within the scope of sea trial measurement accuracies. 
